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A popular contemporary approach in predicting enhanced flame speeds in premixed turbulent
combustion involves averaging or closure theories for the G-equation involving both large-scale
flows and small-scale turbulence. The G-equation is a Hamilton-Jacobi equation involving
advection by an incompressible velocity field and nonlinear dependence on the laminar flame speed;
this G-equation has been derived from the complete Navier—Stokes equations under the tacit
assumptions that the velocity field varies on only the integral scale and that the ratio of the flame
thickness to this integral scale is small. Thus there is a potential source of error in using the averaged
G-equation with turbulent velocities varying on length scales smaller than the integral scale in
predicting enhanced flame speeds. Here these issues are discussed in the simplest context involving
velocity fields varying on two scales where a complete theory of nonlinear averaging for predicting
enhanced flame speeds without any ad hoc approximations has been developed recently by the
authors. The predictions for enhanced flame speeds of this complete averaging theory versus the
averaging approach utilizing the G-equation are compared here in the simplest context involving a
constant mean flow and a small-scale steady periodic flow where both theories can be solved exactly
through analytical formulas. The results of this comparison are summarized briefly as follows: The
predictions of enhanced flame speeds through the averaged G-equation always underestimate those
computed by complete averaging. Nevertheless, when the transverse component of the mean flow
relative to the shear is less than one in magnitude, the agreement between the two approaches is
excellent. However, when the transverse component of the mean flow relative to the shear exceeds
one in magnitude, the predictions of the enhanced flame speed by the averaged G-equation
significantly underestimate those computed through complete nonlinear averaging, and in some
cases, by more than an order of magnitude. © 1995 American Institute of Physics.

I. INTRODUCTION scale. Despite this fact, the equation in (1) has been used
with velocity fields V(x,t) involving several length scales
much smaller than the integral scale with a variety of aver-
aging and closure procedures regarding the small scales.*~%
In the present authors’ opinion there is a logical flaw, as
pointed -out above, in using the G-equation from. (1) with
velocity fields varying on scales smaller than the integral
scale and then averaging out these scales to predict enhanced
turbulent flame speeds—there is an implied ordering for two
small-scale limiting procedures which may not be valid and
can affect accurate predictions of turbulent flame speeds.
The main purpose of this paper is to discuss this issue in

.An important area of active research in premixed turbu~
lent combustion involves the accurate prediction of enhanced
flame speeds which occur experimentally'? with turbulent
velocity fields having several spatiotemporal scales. A popu-
lar contemporary approach®~® involves nonlinear averaging
of the G-equation which is given by

G,+V-VG=5,|VG|. (1)

In (1), the quantity Sy, is the laminar flame speed and V(x,z)
is an incompressible velocity field, i.e., div V=0, while the
flame front is given by the level set where G vanishes, i.e.,

G =0 defines the flame {ront.

The Hamilton—Jacobi equation in (1) emerges from the
simplest asymptotic theories” ! which exploit the great dis-
parity between the integral length scale of the velocity field,
L, and the flame thickness, [, through the small parameter
€=1[z/L<1 under the assumptions of weak heat release so
that thermal expansion effects are ignored and a value of one
for the Lewis number; thus, the tacit assumption in the deri-
vation of (1) from the reactive Navier—Stokes equations is
that the velocity field, V(x,t), varies only on the integral
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an unambiguous fashion involving the simplest context with
velocity fields which vary on only two scales, both larger
than the flame thickness, and with unambiguous exact solu-
tions. Recently two of the authors'? have developed a math-
ematically rigorous theory for complete nonlinear averaging
without any ad hoc approximations of the turbulent reaction
diffusion equations which are valid when thermal expansion
effects are ignored and the Lewis number is set equal to one.
An explicit example of this theory has been developed in
detail recently13 in the simplest context where the large-scale

© 1995 American Institute of Pnysics



flow is a constant and the small-scale flow is a steady peri-
odic shear flow. Even this simplest example of the theory
displays many qualitative features of turbulent combustion
experiments including the “bending” effect where the de-
pendence of the enhanced flame speed on the turbulence in-
tensity is always nonlinear, as well as subtle behavior of the
enhanced flame speed on turbulence intensity in the weak
turbulence regime depending on the magnitude and direction
of the mean flow relative to the shear. A brief summary of
this theory involving complete nonlinear averaging is pre-
sented in Sec. 1L

In this paper, we compare the approach through averag-
ing the G-equation with the complete theory for nonlinear
averaging'>!® described in the previous paragraph for the
simple two scale velocity fields given by

V=Aa+A(v(x,/€%),0), 2)

where u=(cos ,sin 8) and v(y,) is a one-periodic function
with unit amplitude representing a small-scale shear flow
aligned with the y, axis. In (2), A is the mean flow intensity,
A is the turbulent intensity, and @ represents the angle be-
tween the mean flow and the shear. If we recall from our
earlier discussion that e=[;/L<€1 represents the ratio of the
flame thickness to the integral scale, the use of the scale,
x/€%, with 0<a@<1, in (1) allows us to include velocity fluc-
tuations on a second scale which is much larger than the
flame thickness and much smaller than the integral scale for
e<1. In Sec. III, for these simple flows in (2), we calculate
exact formulas for the enhanced flame speed predicted from
averaging the Hamilton—Jacobi equation in (1). Section IV
contains the main results of this paper where for the special
flows in (2) the exact formulas for enhanced flame speeds
predicted through the averaged G-equation are compared
with the exact formulas'® involving complete nonlinear av-
eraging of the reaction diffusion equations.'>!* The resulis of
these comparisons are summarized briefly as follows: For ail
values of the flow field parameters, the enhanced flame speed
predicted from the averaged G-equation always underesti-
mates the enhanced flame speed computed through full non-
linear averaging. Whether there is a significant error in uti-
lizing the averaged G-equation compared with complete
nonlinear averaging depends on the fransverse magnitude of
the mean flow, |X sin 6. For |\ sin 8l<1, there is excellent
agreement between the two different averaging approaches
for a wide range of turbulent intensities. On the other hand,
for |A sin ?}|>1, the ephanced flame speed from complete
nonlinear averaging exceeds the enhanced flame speed pre-
dicted by the averaged G-equation significantly and by fac-
tors larger than an order of magnitude for a wide range of
turbulent intensities.

Il. SUMMARY OF THE COMPLETE NONLINEAR
AVERAGING THEORY

A. Effective large-scale front equations

Under the physical assumptions of weak heat release and
Lewis number equal to one discussed earlier, the propagation
of the flame front is given by a single reaction—diffusion
advection equation for the temperature field
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T A V-VT=exAT+e"'A(T), xeR", 0<t<o,

©)

T(x,0)=Ty(x),. xeR",

where (3) is nondimensionalized in units of the integral
scale, with the flame thickness of order e={,/L<€1, weak
diffusion of order € and fast reaction of order € !. The initial
data T is bounded, 0=<Ty=<1, with T=0 representing the
unburnt temperature and T=1 the burnt temperature. The
support of T is ).

The nonlinear averaging theory of Majda and
Souganidis'? provides the evolution of the effective flame
front in (3) in the limit when e—0, and when the incom-
pressible velocity field V depends on two separated scales,

V=¥(x,1) + \v(x/ €%, ¢/ €?), 4)

with 0<a@<(1, so that V has two components, a mean varying
on the integral scale, and a velocity fluctuation involving the
turbulent scale, (x/€%/€”), intermediate between the flame
thickness and the integral scale. The small scale velocity
field v is assumed to be one-periodic and of unit amplitude,
while \ is the ratio of the fluctuation amplitude to the lami-
nar flame speed S, and in this model represents the turbu-
lent intensity. The theory also assumes a simple reaction term
f(I) of the Kolmogorov—Petrovski-Piskunov (KPP)
type,'>* the prototype being f(T)=KT(1—T), so that the
laminar flame speed is §;=2(xf’'(0))"2. With these as-
sumptions and without further approximations, Majda and
Souganidis'? proved rigorously that in the limit €é—0 the ef-
fective equation for the propagation of the flame front is
given by the variational inequality

max(Z,—H(VZ,x,t)—f'(0),Z2)=0, xeR", 0<t<o,
) 5
: 0, Xeﬂo, ( )
Z(X,O)-— —oo, XER"\Qo,

where at any time >0 the location of the flame front
is given as the boundary of the set {xeR":Z(x,t)<0}. The
variables T and Z in (3), (5) are related’ by
T=exple Y(Z+0(1))] as e—0.

The nonlinear function H(p,x,t) in the variational in-
equality (5) is the effective Hamiltonian. The function H is
obtained as a nonlinear eigenvalue problem via nonlinear
averaging over the intermediate turbulent scale: for given
(p,x,t), there is a unique H(p,x,t) and ¢{y,7) periodic in the
period cell @ XI=[0,1]"%[0,1] such that

¢~ k|p+ V >+ ((x,0) + A v(y, 7)) - (p+ V)
=—H(p,x,1). 6)

An interesting consequence of the variational inequality (5)
is that there are velocity fields V for which the resulting
effective flame front does not evolve, according to Huygens
principle.!? This type of situation cannot be accounted for by
the G-equation because the evolution of the front in (1) is
given by a Hamilton—Jacobi equation. However, in the
present paper we confine our attention to velocity fields for
which the variational inequality is equivalent to Huygens
principle; it is sufficient to consider the subclass of velocity
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fields in (4) with ¥(x,¢) a constant.” In this case the varia-
tional inequality (5) is equivalent to the Hamilton—Jacobi
equation'?

u,=F(Vu), (M

where u(x,1)=0 describes the front and F(n) represents the
effective flame front velocity in the normal direction n. More-
over, in this case the effective front speed F(n) in the direc-
tion m is given by minimization along a ray'?
F(n)=inf{[1/4 4+ H(rn)]/r}, ()
r>0
where H(p) is the effective Hamiltonian given by the cell
problem in (6).

B. Explicit exact formulas for simple shear layers

The computation of the effective Hamiltonian H from
the cell problem (6) is in general a challenging problem.,
However, for the simple shear layer velocity fields in (2),
explicit analytical formulas for the effective Hamiltonian H
have been derived.'>!® The interested reader can consult
Refs. 12 and 13 for the explicit formulas. In Ref. 13 these
formulas have been used to study the effective flame front
speed F in (8), its anisotropic dependence on the direction
n=(cos 6, sin 6), and changes with the different flow param-
eters in (2): the mean flow intensity \, the mean flow angle 9
between the mean flow and shear directions, and the turbu-
lence intensity A.*3

Even for the case of the simple shear layer flow (2) the
effective flame velocity has a rich and subtle behavior. The
dependence of the effective flame speed on the turbulence
intensity is nonlinear and displays the bending effect.” In the
limit of weak turbulence intensity, A—0, the asymptotic de-
pendence of the effective front velocity F on the turbulence
intensity A changes drastically depending on the magnitude
[\ sin 6] which represents the ratio of the component of the
mean flow orthogonal to the shear divided by the laminar
flame speed S, . When |\ sin 6|<1 the asymptotic depen-
dence of F on \ is linear but when |\ sin 6>1 it shifts to
quadratic. Also, changing the form of the small scale shear
v(y,) in (2) shows that the effective flame speed F depends
only on the gross features and not on the fine details of the
small-scale shear flow. For the specific details the reader can
consult Ref. 13.

Ill. APPROACH VIA NONLINEAR AVERAGING OF THE
G-EQUATION

A. Nonlinear averaging of the G-equation

Here we briefly describe the averaging procedure for the
G-equation in the context of separated scale velocity fields.
This procedure is both mathematically rigorous'>1>16 and
also exactly equivalent to the alternative approach utilized in
Ref. 3 involving finding periodic traveling waves. Assume
the incompressible velocity V in (1) is given with two sepa-
rated spatial scales as in (2), V=v(x) +Av(x/e”). We seek a
solution G of (1) given by the asymptotic expansion

G=Gx,t) +e*G!(x,x/€%,t)+ - . )
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Plugging (9) into (1) and collecting the terms of leading
order yields

GO+ (3(x) +Av(y))- (V,G'+ V, G} (x,y,1))
- !VxGo'l‘ VyGl(X,y,t)“y=x/ea=0.

The equation in (10) yields a self-consistent equation involv-
ing GY alone provided that we can solve the associated non-
linear eigenvalue problem, the cell problem, obtained by
nonlinear averaging in the small-scale variable over the pe-
riod cell: for given (p, X), there is a unique U(p,x) and a
one-periodic solution ¥(y) of the cell problem

() +Av(y)-(p+ V) —p+ V9l =U(p.x), (1)

where the solution of (11) is understood in the viscosity
sense. 21516 With this value of U(p,x) given by (11) substi-
tuted back into (10), we obtain the effective equation of non-
linear averaging of the G-equation

G+ U(V,Gx)=0.

(10)

(12)
From (11) it is clear that U(p,x) is a homogeneous function
of degree one in p. Therefore, the effective flame speed ve-

focity at the point X and in the direction n for the averaged
G-equation is given by U(n,x).

B. Explicit formulas for the effective flame speed of
the averaged G-equation

Next we compute explicit formulas for the effective
flame speed U(m), n=(cos fsin 6), of the averaged
G-equation, for the special case where the velocity field V is
given by the simple shear layer (2). Since the small-scale
shear layer v(y,) is a function of only one variable it is
enough, by the uniqueness of U(n), to seek a one-periodic
solution ¢(y,) which depends only on the variable y,, thus
reducing the two-dimensional cell problem in (11) to a non-~
linear ODE eigenvalue problem of the form (for convenience
we remove the subscript in y,)

Fly' (y)=U+21y), (13)

- where (y) is one-periodic and %) and #(y) are given by

F(P)=[(+sin 6)>+cos? 8]2+ X\ sin 8(i+sin 6),
(14)

P{y)=—(\ cos B+\v(y))cos 6. (15)

In order to compute the effective flame speed U from (13)
we must invert % in (13) and average the result over a unit
period. However, this approach needs to be modified when
S is not invertible. The function .# in (14) behaves differ-
ently depending on whether | sin 6| is larger or smaller than
one. If |\ sin 6>1 then #=%(y) is invertible with 7
given by

F Y p)={(X\ sin ) p—sign(X\ sin 6)
X[ 7%+ cos? O(( X sin 6)2—1)]%}
X[(\ sin 8)>2—1]"!—sin 6. (16)

On the other hand, when |\ sin /<1 then ¢=7(7) has two
branches .#3!

Embid, Majda, and Souganidis



F U p)={—(X sin 8) p=[7*—cos* 6(1
—~(X\ sin )%)]Y2}[1— (X sin 6)*]" ' —sin 6.
(17)
The solution of the cell problem (13) and the formulas for
the effective flame speed U are a straightforward generaliza-
tion of the analysis done in Refs. 12 and 15 for the special

case, where F()=¢* in (13). The result is that for any

given direction n—(cos f,sin §) there is a unique solution
U(n) and ¢(y) of the cell problem (13). If {-) denotes the
average over the period cell, then U is given explicitly as
follows:

(1) ¥ |\ sin §>1 then U solves the nonlinear algebraic
equation

(F7HU+71y)))=0. (18)

N 1IN cin A ne the minimal
{2) If |A sin 6|<1 define the minim:

U, =min F() —min #F{y)
=(1—(\ sin 8)%)"?|cos 6]+ X\ cos 8 cos 6
+X max(v(y)cos 6). (19)

It is clear from (13) that U, satisfies U +=U. Now the ef-
fective flame speed U is given by one of the following mu-
tually exclusive alternatives where U either assumes the
minimal speed U, or else it is obtained by averaging over
~one of the branches <! in similar fashion as in (18).
@) If (F U A+ Z)N<OS(FT (U, +21(3))), then
U is given by

U=U,. (20)

(i) If (F- (U, +Z1)))>0, then U>U, solves the
equation

(FZHU+Z)))=0. (1)

(iif) If <§:1(U*+y/*(y)))<0, then U>U, solves the
equation

(FLHU+Z)))=0. (22)

The explicit analytical formulas for U in (18)—(22) are alge-
braically complex but are readily evaluated numerically us-
ing standard quadrature and root finding techniques.

Using these formulas we can study the effective flame
velocity U as a function of the direction angle 6. Since we
are interested in studying the effects of the small fluctuations
of the shear flow on the effective flame speed, it is conve-
nient to study the enhanced flame velocity U, defined by

U,=U—1—X cos(6—6), o (23)

1 speed U, by

that is, we subtract from the effective flame velocity U the
contribution of the laminar front velocity which ignores the
small-scale fluctuations. Next we study the enhanced flame
velocity U, for the representative case where the flow field
(2) has the periodic small-scale shear fluctuation given by the
simple sine profile v(y,)=sin 2y,, and where we fix the
mean flow angle in (2) to be §=30°. We study two illustra-
tive cases corresponding to weak transverse mean flow,
[\ 'sin f<1, and strong transverse mean flow, | sin §>1.
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FIG. 1. Plot of the enhanced flame velocity U,(6)/\ for the sine shear with
mean flow angle #=30° and mean flow intensity A=1. The curves 1-4
correspond to increasing turbulent intensity A=0.001, 0.1, 1, and 100.

With the chosen value of the mean flow angle, the threshold
value of the mean-flow intensity for which [\ sin g=1 is
A=2.

Figure 1 shows the enhanced flame velocity U,(6) for
the case of a weak transverse mean flow with mean flow
intensity A=1 and for selected values of the turbulent inten-
sity N in the range 10 3=A=<10% Figure 1 clearly displays
the anisotropic dependence of the enhanced flame speed on
the direction angle 6, where clearly there is no enhancement
in the direction orthogonal to the shear, and there are two
directions with maximum enhancement symmetrically situ-
ated around §=-90°. Figure 1 also shows that as the turbu-
lent intensity A increases, the bands of directions, where
there is substantial enhancement, grow broader, and that the
directions of maximum flame velocity U,(8) shift towards
the shear flow direction #=0°. For fixed A the directions of
maximum enhancement are dependent on the mean flow
angle 6 and shift towards #=—90° as the mean flow angle 6
increases towards #=90°. Figure 1 also shows that for a
weak transverse mean flow, the dependence of the enhanced
flame speed U, on the turbulence intensity A\ is essentially
linear for the range considered.

Figure 2 shows the enhanced flame speed U, (8) for a
strong transverse mean flow with mean flow intensity A=10
and for selected values of the turbulence intensity X\ in the
range 1073<\=10. Figure 2 again makes evident the aniso-
tropic dependence of U,(6) although the profiles of U, are
different from the weak transverse mean depicted in Fig. 1.
In this case, the direction of maximum enhancement is
slightly shifted away from the shear direction, and the band
of direction angles, where there is substantial enhancement,
do not narrow with decreasing turbulence intensity. In fact, it
is striking to see how little U,(#) changes over three orders
of magnitude in N\, making it clear that for the strong trans-
verse mean case the dependence of the enhanced flame speed
on the turbulence intensity is quadratic rather than linear

Embid, Majda, and Souganidis 2055
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FIG. 2. Plot of the enhanced flame velocity U, (8)/ )\_2 for the sine shear with
mean flow angle §=30° and mean flow intensity A=10. The curves [-3
correspond to increasing turbulent intensity A=0.001, 0.1, and 1.

over the weak turbulence regime. For strong turbulence,
U,(6) resembles the corresponding profiles in Fig. 1 and the
dependence on A also converges to linear. Figures 1 and 2
also show the important effect that the mean flow has on the
qualitative behavior of the effective flame speed.

We close this section with the remark that in previous
work Ashurst and Sivashinsky® studied the effects of a peri-
odic shear flow on the effective flame speed. Their analysis
was restricted to the sinusoidal shear layer without a mean
flow, and the effective flame speed was computed only for
the directions #=0° and 6=45°. The present analysis gener-
alizes their work; we compute the effective flame velocity
for all the flame front directions and we exhibit its aniso-
tropic nature. More importantly, we include the mean flow
with its subtle effects on the effective flame speed. Our for-
mulation of the effective flame front velocity in (18)—(22)
allows for arbitrary forms of the small-scale shear v(y,), for
example multimode Fourier shear profiles like the one con-
sidered in the next section.

IV. COMPARISON OF THE COMPLETE NONLINEAR
AVERAGING THEORY VERSUS THE AVERAGED
G-EQUATION

Here we compare the predictions of the complete non-
linear averaging theory from Ref. 13 with the nonlinear av-
eraging of the G-equation from Sec. III for the case where
the flow field is of the form in (2). At first sight one finds
several qualitative similarities. Both theories predict different
behavior for the effective flame speed depending on whether
the magnitude of the transverse mean flow, |X sin 6, is larger
or smaller than one. The anisotropic dependence of the en-
hanced flame speed predicted by both theories in the weak
and strong transverse mean flow regimes is also qualitatively
similar. Both theories predict similar qualitative behavior of
the effective flame speed on the turbulence intensity, includ-
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ing the nature of the asymptotic dependence of the effective
flame velocity on the turbulence intensity in the limits of
weak (A—0) and strong (A\—0) turbulence intensity. How-
ever, these analogies can be misleading and, as the quantita-
tive comparison of the two theories done below shows, the
discrepancies are substantial and subtle. This quantitative
comparison shows that the averaged G-equation always pre-
dicts slower enhanced flame speeds than the complete non-
linear averaging theory. Interestingly, whether this discrep-
ancy is severe or not depends on the parameter |\ sin 6. The
discrepancy of the predicted flame speeds in both theories is
small when |X sin 6]<1 but can be very substantial when
[\ sin 6]>1.

For the purpose of comparison we use representative
flow fields in (2) with the small-scale shear fluctuation given
by a single Fourier mode v (y,)=sin{2y,), as in Sec. III,
or the multiple Fourier mode profile

v(yy)=cos(2my,)+(1/2)sin(2my,)
+(1/2)cos(4dmy,)+ (1/2)cos(6ry,)
—(1/4)sin{6 7y, ) +(1/2)cos(8ry,), 24)

suitably normalized so that v(y,) has unit amplitude. The
trigonometric polynomial in (24) was considered in Ref. 13
as an example of small-scale shear profile with a complex
structure and asymmetrical form. We also fix the value of the
mean flow angle to be #=30°, as in Sec. III, so that the
threshold value where |A sin 6/=1 is given by A=2. The en-
hanced flame velocity U, from nonlinear averaging of the
G-equation is defined by (23); the enhanced flame velocity
F, from complete nonlinear averaging is similarly defined,
with U replaced by the effective flame velocity F given in
(8) by complete nonlinear averaging. Below we investigate
the quantitative predictions of both theories of the enhanced
flame speed for representative values of the mean flow inten-
sity corresponding to weak and strong transverse mean
fiows, and compare the predicted maximum enhanced flame
speeds over a wide range of turbulent intensities, again for
selected representative values of the mean tlow intensity.

A. Compatrison for weak transverse mean flows
(A sin di<1)

First, we compare the predicted effective flame front ve-
locities for the case where the small scale shear is a sine
profile. Figure 3 shows the values of the enhanced flame
speeds F, predicted by complete nonlinear averaging, U,
predicted by averaging the G-equation, and their difference
U,—F,, all normalized by the maximum amplitude max U,
of U,. We use this normalization by max U, throughout the
discussion below. The mean flow intensity is A=1 and the
turbulence intensity is A=0.1.

Figure 3 shows that the enhanced flame speed U, ob-
tained from the averaged G-equation underpredicts the value
F, of the enhanced flame speed obtained from complete av-
eraging for all the direction angles. In this case the agree-
ment of the predicted flame speeds is excellent. The largest
discrepancies are localized in a narrow band of directions
near the orthogonal direction corresponding to §=90°, where
there is very little enhancement of the flame speed anyway.

Embid, Majda, and Souganidis
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FIG. 3. Plot of the enhanced flame speeds U, (averaged G-equation), F,
(complete nonlinea.r_averaging), and their gifference for sine shear with
mean flow intensity A=1, mean flow angle #=30°, and turbulent intensity
A=0.1.

The maximum value of this difference is about 0.1, i.e.,
about 10% of max U, . However, in the region where there is
substantial enhancement of the flame speed the agreement is
excellent with a very small difference max F,—max U,
=0.7%X107°, Although one may be tempted to think that
the predictions of both theories converge in the limit as A—0
this is not the case, the discrepancies persist even at A=0
where the profiles look very similar to those in Fig. 3, and
where max(F,—U,)=0.07 is even larger.

Figure 4 is a similar plot to that in Fig. 3, with A=0.1 but
with the mean flow intensity A=1.95 closer to the threshold
value A=2. In this case the differences between the predic-
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FIG. 4. Plot of the enhanced flame speeds U, (averaged G-equation), F,
(complete nonlinear_averaging), and their difference for sine shear with
mean flow intensity A=1.95, mean flow angle #=30°, and turbulent inten-
sity A=0.1.
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FIG. 5. Semilog plot of max #,/max U, for sine shear with mean flow angle
6=30°. The curves 1-3 correspond to increasing mean flow intensity A

=1.8, 1.95, and 1.99.

tions from both theories are more apparent. Although the
qualitative features of both profiles are similar, the averaged
G-equation again underpredicts the values of the flame
speed. The band of directions where there are substantial
differences in the flame speed is still localized, but in con-
trast with the situation discussed in Fig. 4, this band now
extends to the region where there is maximum enhancement.
The maximum discrepancy in the velocities is
max(F,—U,)=0.54, whereas the difference of the maxi-
mum predicted flame speeds in both theories for this case is
max F,—max U,=0.08. Although in this case the discrep-
ancies in the predicted flame speeds are larger, they are of the
same order of magnitude of max U, .

Figure 5 depicts the ratio of the maximum enhanced
flame speed predicted by both theories,
max F,(#)/max U,(6) as a function of the turbulent inten-
sity A in the range 10‘3$As103, for selected values of the
mean flow intensity )_\=1.8, 1.95, and 1.99, all below the
threshold value A=2. Figure 5 shows that the predicted
maximum flame speed in both theories agree very well for
values of A far enough below the threshold value A=2. For
the values A=1.95 and 1.99, the difference in the predic-
tions is appreciable but not dramatic, with the maximum ra-
tio of about 1.65 for A=1.99. Clearly the discrepancy in the
maximum flame speed predicted by both theories increases
as the mean flow intensity approaches the threshold value
A=2. Figure 5 also shows that the discrepancy in the maxi-
mum enhanced flame speeds occurs in the range from low to
moderate turbulence intensity, corresponding to 107 3=\=<10
for the curves depicted.

B. Comparison for strong transverse mean flow
(A sin d<1)

When the mean flow intensity N crosses above the
threshold value A=2, the discrepancies in the predictions of
both theories are more dramatic. In Fig. 6 we compare the
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FIG. 6. Plot of the enhanced flame speeds U, (averaged G-equation), F,
(complete nonlinear averaging), and their difference for sine shear with
mean flow intensity A=2.05, mean flow angle §=30°, and turbulent inten-
sity A=0.01.

effective flame speeds predicted by both theories in the
strong transverse mean regime where we continue to use the
simple sine shear layer v(y,) =sin(2y,) for the small-scale
fluctuations. The value of the mean flow intensity is A
=2.05, slightly above the threshold value A=2, and the
turbulent intensity is A=0.01.

Figure 6 depicts the values of F,, U,, and U,—F,,
normalized by max U,. Again, we notice that overall the
averaged G-equation underpredicts the flame velocity. How-
ever, here we observe a severe discrepancy in the predictions
of the two theories. The maximum difference of the two
speeds is quite large, max(F,— U,)=6.49, and even the dif-
ference in the predicted maximum is large,
max F,—max U,=5.92. By comparing Figs. 4 and 6, we
observe that as the mean flow intensity increases above the
threshold value of A=2, the flame speeds predicted by the
averaged G-equation can no longer fit the values of the flame
speed obtained with complete averaging in the region where
the flame speed is largest. Otherwise, the flame speeds de-
picted in Figs. 4 and 6 are qualitatively similar, both with a
localized region where the discrepancy in the predicted flame
speeds is appreciable.

Figure 7 depicts, again, the normalized values of F,,
U,,and U,—F, for the case where the mean flow intensity
A=4 is well above the threshold value A=2, and the turbu-
lence intensity is A=1. Figure 7 again shows the flame ve-
locity is underpredicted by the averaged G-equation. In con-
trast with the cases so far discussed, the directions for which
there is a substantial discrepancy in the predictions of both
theories are no longer localized. On the other hand, the mag-
nitude of the discrepancy has been reduced considerably
when compared with the case A=2.05 just discussed. Here
we have only max(F,— U,)=0.49, and for the difference of
the predicted maximum flame speeds max F,—max U,
=(.15.

Next we study the predictions of the maximum enhanced
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FIG. 7. Plot of the enhanced flame speeds U, (averaged G-equation), F,
(complete nonlinear averaging), and their difference for sine shear with
mean flow intensity A=4, mean flow angle #=30°, and turbulent intensity
A=1.

flame speed given by both theories over a wide range of the
turbulence intensity parameter. Figure 8 shows log—log plot
of the ratio of the maximum enhanced flame speed predicted
by both theories, max F,(8)/max U,(8) as a function of the
turbulent intensity \ in the range 10™>=A=10%. We used the
simple sine profile as small scale shear layer, and the selected
values of the mean flow intensity A=2.05, 22,25, 5, and
50, all above the threshold value A=2.

Figure 8 shows that for values of the mean flow intensity
N close and above the threshold value A=2 there can be
tremendous discrepancies in the predicted values of the
flame speeds as given by both theories. For example, for
A=2.01 the magimum value of the ratio

10

max Fe / max Ue

10

FIG. 8. Log-log plot of max F,/max U, for sine shear with mean flow
angle 6=30°. The curves [-5 correspond to increasing mean flow intensity
A=2.01, 2.05, 2.2, 5, and 50.
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FIG. 9. Log-log plot of max F./max U, for multiple Fourier mode shear
with mean flow angle §=30°. The curves 1-5 correspond to increasing
mean flow intensity A=2.01, 2.05, 2.2, 5, and 20.

max F,/max U,=26.8. For A=2.05 and 2.2 the corre-
sponding values are still large and equal to 7.7 and 2.9, re-~
spectively. Figure 8 clearly shows that for values of the mean
flow intensity N above A=2, the maximum enhanced flame
speed predicted by complete nonlinear averaging can easily
be an order of magnitude larger than the speed predicted by
the averaged G-equation over a wide range of the turbulent
intensity. Figure 8 shows that for values of A close to A=2,
the ratio max F /max U, is large over the low range of tur-
bulent intensity A and gets close to one for large values of A.
On the other hand, for the higher values of the mean flow
intensity A=35, 50, the situation is reversed and the ratio
max F,/max U, is maximum at high values of the turbulent
intensity, but in this case the values of the maxima are small,
about 1.14 for A=35 and 1.12 for A=50. Although it is hard
to see in Fig. 8, we point out that the curves for A=5 and 50
are not monotonic.

Finally, Fig. 9 shows a log—log plot of the ratio
max F,/max U, of the maximum enhanced flame speeds pre-
dicted by both theories for the case where the small scale
shear in (2) is given by the trigonometric polynomial in (24).
The turbulent intensity is again in the range 10 °=A=<10?
and the selected values of the mean flow intensity are A\
=2.01, 2.05, 2.2, 5, and 20, all above the threshold value
A=2.

Figure 9 shows the dramatic effect that the small-scale
shear can have in the predictions of the averaged G-equation
versus complete averaging, through the asymmetry in the
small-scale fluctuations produced by the higher-order modes.
For A=2.01 the maximum value of max F . /max U,=54.8,
so the complete averaged theory predicts maximum en-
hanced flame speeds more than 50 times larger than those
predicted by averaging the G-equation! The values of the
maximum ratio for A=2.05 and 2.2 are 13.7 and 4.89, re-
spectively. In general, all the features in Fig. 9 are similar to
those displayed in Fig. 8 for the case of a single mode sine
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profile for the small scale shear, except than in Fig. 9 the
magnitudes of the ratio max F,/max U, is magnified. One
noticeable difference is that in Fig. 9 the curves are not
monotonic and clearly the maximum value of the ratio
max F,/max U, occur for finite values of . Notice also that
as the mean flow intensity increases, the location of the
maxima shifts towards higher values in the turbulence inten-
sity A. For the large values A=25 and 20, the corresponding
maxima is modest, 1.55 and 1.29, respectively. Finally, Fig. 9
shows that max F, is an order of magnitude larger than
max U, over a wide range in the turbulent intensity A, pro-
vided that the mean flow intensity A is close enough to the
threshold value of A=2.

V. CONCLUSIONS

Here we analyzed the averaged G-equation and com-
pared its predictions with those obtained from the complete
nonlinear averaging theory' >3 for special flow fields (2) in-
volving a constant mean plus a smali-scale shear fluctuation.
In this setting, we developed exact formulas for comparing
the complete theory with the approximation through averag-
ing the G-equation. We showed that the averaged G-equation
theory always underpredicts the flame velocities obtained
from the complete averaging theory. When the transverse
component of the mean relative to the shear is smaller than
one the discrepancies are small with errors typically of a few
to roughly 10% in the maximum enhanced flame speed ratio
and the agreement in the predicted flame speeds is excellent.
On the other hand, when the transverse mean component is
larger than one the differences between the predictions of
both theories can be very substantial. For values of the trans-
verse mean exceeding one the predictions of both theories
can easily differ by an order of magnitude over a large range
of turbulent intensities. It is very interesting to develop fur-
ther comparisons of enhanced flame speeds between the
complete nonlinear averaging theory summarized in Sec. II
and the averaged G-equation from Sec. III for more realistic
periodic flow fields such as arrays of vortices.
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