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a b s t r a c t 

Constant volume premixed lean n-Heptane/air autoignition at high pressure is investigated using the One- 

Dimensional Turbulence (ODT) model. The configuration consists of a 1D fixed volume domain with a 

prescribed velocity spectrum and temperature fluctuations superimposed on an initial uniformly elevated 

scalar field. The sensitivity of the heat release rate and pressure evolution to the initial temperature dis- 

tribution is studied by imposing different initial temperature fields while holding the mean, RMS and 

integral length scale of the field constant. Three detailed chemical mechanisms are employed for the pre- 

diction of autoignition and heat release rate. To mitigate the high computational cost associated with 

the calculation of the chemical source terms in the stiff complex mechanisms, an approach based on 

the Strang-Splitting method is presented. Finally, a study of the ODT model uncertainty is carried out. 

For validation, ODT results are compared to 2D DNS data from Yoo et al. (2011) for the temporal evo- 

lution of heat release rate, pressure and density-weighted displacement speed. Ensemble averaged ODT 

results show good agreement with the DNS data. ODT results generated from varying the initial temper- 

ature fields show that the ignition delay time is highly sensitive to the initial temperature field. The ODT 

model uncertainty study shows that dispersion due to the stochastic nature of the model is consider- 

ably smaller than the dispersion resulting from varying the initial temperature field. Overall, this study 

demonstrates that ODT accurately captures the evolution of complex chemistry reactive flows in constant 

volume autoignition simulations and that once validated, ODT is an efficient tool that can be used to 

carry out parametric studies not feasible by DNS. 

© 2017 The Combustion Institute. Published by Elsevier Inc. All rights reserved. 

 

 

 

 

 

 

 

 

 

 

 

 

t  

l  

n  

a  

c  

m  

c  

w  

[  

t  

p  

E  

d

 

p  
1. Introduction 

The volumetric energy density of fossil fuels in the energy

transport sector has led to their dominance over emerging, alter-

native fuels in the field. Among the different types of fossil fu-

els, the characterization of n-Heptane as a surrogate fuel for Diesel

takes strategic importance, mainly due to the wide range of oper-

ational conditions over which it can be used. In this context, there

has been a significant amount of time and effort in combustion re-

search devoted to the topic of Homogeneous Charge Compression

Ignition (HCCI) engines. HCCI engines have shown that very low

emissions and high fuel efficiency values are feasible through con-

stant volume autoignition. 

Several Direct Numerical Simulation (DNS) studies have been

focused on the topic of constant volume autoignition [1–7] . Within
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he DNS research, the study of constant volume autoignition has

ed not only to the understanding of interesting fundamental phe-

omena, well detailed in the work of Yoo et al. [5] , but it has

lso symbolized the achievement of major milestones in terms of

omputational power. A pioneering 2D DNS that considered inho-

ogeneous scalar fields was performed with reduced hydrogen/air

hemistry by Sankaran et al. [4] , and a follow-up study with a

ider range of initial conditions was carried out by Chen et al.

2] . The latter study allowed a clearer characterization of deflagra-

ion and detonation regimes during constant volume autoignition

rocesses. The study was also chosen as a test case for the Linear

ddy Modeling (LEM) approach in constant volume autoignition,

iscussed by Oevermann et al. [8] . 

It was not, however, until 2011 that increased computational

ower and a series of chemistry reduction methods allowed the

rst 2D DNS simulation for a n-Heptane/air mixture by Yoo et al.

5] . This work showed that RMS temperature fluctuations have a

rst-order effect on the ignition characteristics of n-Heptane/air
. 

https://doi.org/10.1016/j.combustflame.2017.12.015
http://www.ScienceDirect.com
http://www.elsevier.com/locate/combustflame
http://crossmark.crossref.org/dialog/?doi=10.1016/j.combustflame.2017.12.015&domain=pdf
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ixtures. In 2013, another milestone was achieved by Yu and Bai

6] , who conducted the first 3-D DNS of a constant volume au-

oignition environment with a premixed hydrogen/air gas mixture.

he work by Yu and Bai [6] is pioneering in the sense that a first

nsight was given to the turbulence dynamics within autoignition,

.g. by studying the Turbulent Kinetic Energy (TKE) evolution prior

o ignition. 

Despite the robustness of the LEM results [8] previously cited,

he findings in [6] show the importance of the evolution of the

urbulent state of the flow on the ignition characteristics. Such in-

uences cannot be obtained in LEM due to the inherent limitations

f the model. This is the reason why the One-Dimensional Turbu-

ence (ODT) model gains importance in this case. 

In essence, as a stand-alone model, ODT belongs to the family

f stochastic turbulence models. ODT does not model small scale

henomena, but as in DNS, it is directly resolved. In contrast to

NS, however, 3-D Navier–Stokes turbulence is modeled via a so-

ution dependent sequence of stochastic 1-D events. ODT preserves

any characteristics of LEM, but additionally features an intrinsic

ynamic feedback between the turbulent fluctuations and the av-

rage state of the flow [9] . 

Recent ODT studies followed DNS research by gradually increas-

ng the complexity of the benchmark cases. Jozefik et al. [10] con-

idered a variable density formulation for ODT in a constant vol-

me autoignition process as a benchmark test for the introduction

f the Darrieus–Landau instability model. Building upon this, the

ompressible ODT formulation in [11] followed. For an application-

elevant fuel like n-Heptane, the computational savings of ODT in

omparison to DNS could allow important insights regarding the

ehavior of the fuel in complex operating conditions such as con-

tant volume autoignition processes. With this work, the authors

resent the first framework for the treatment of stiff chemistry for

uch processes within ODT. As a stepping stone from the previous

EM study, this work is also focused on the influence of tempera-

ure inhomogeneities in the initial highly reactive mixture. 

This paper is organized as follows. Section 2 provides the mod-

ling approach. Specifically, Section 2.1 presents the numerical for-

ulation, Section 2.2 gives a short overview of ODT, Section 2.3 in-

roduces the ODT constant volume configuration specific models,

ection 2.4 describes the Strang-Splitting method and the numer-

cal time advancement, and Section 2.5 discusses the mesh adap-

ion procedure. In Section 3 , details concerning the configuration

re given and in Section 4 , ODT results are compared to DNS

ata for the temporal evolution of heat release rate, pressure and

ensity-weighted displacement speed. These results are discussed

rom the point of view of the influence of randomized initial con-

itions in Section 4.1 , the sensitivity to the ODT model parameters

n Section 4.2 , and the influence of the magnitude of the temper-

ture inhomogeneities in Section 4.3 . The sensitivity of the sim-

lations to the initial conditions is also compared to the uncer-

ainty of the ODT model (due to the 1-D stochastic events). An

dditional sensitivity analysis linked to the reaction chemistry is

lso presented. Concluding remarks are provided in Section 5 . In

ppendix A , details of the velocity evolution in ODT are given and

n Appendix B , a convergence analysis of the time-stepping scheme

s shown. 

. ODT model formulation 

.1. Conservation equations for the diffusion–reaction system 

Due to the one-dimensional modeling of multi-dimensional tur-

ulence interactions in ODT, the generalized Navier–Stokes equa-

ions are not solved by the model. Rather, a set of diffusion–

eaction evolution equations coupled to instantaneous implemen-

ation of stochastic 1-D eddy events is considered. The main idea
ehind the ODT modeling is the separate treatment of the diffu-

ion/reaction processes from the turbulent advection. As such, the

tructure of the theoretical and modeling background in this paper

ill also separately address these two components of ODT. 

Although previous work done by Jozefik et al. [11] introduced

 compressible formulation for ODT, the stiffness of the chemistry

mployed in this study forced the authors to opt for the simpler

ero-Mach classical ODT formulation, which has been the sub-

ect of numerous publications in the field of reactive flows (see

.g. [12–14] ). In terms of comparison to the DNS from Yoo et al.

5] , only relatively large values of initial RMS temperature fluc-

uations are evaluated in this paper. According to Yoo et al. [5] ,

hese large initial RMS temperature fluctuations values translate

nto deflagration-dominated regimes with a characteristic low sub-

onic displacement speed. This guarantees the validity of the Zero-

ach limit approximation. 

The details of the diffusion–reaction evolution equations are

iven here considering a Lagrangian formulation of the conser-

ation equations, similar to the framework in [15] . The conser-

ation of properties in each of the control volumes in the one-

imensional domain is given by the application of the Reynolds

ransport Theorem (RTT) to a Lagrangian system intensive prop-

rty β , 

d 

dt 

∫ 
V (t) 

ρβd V = 

∂ 

∂t 

∫ 
CV 

ρβd V + 

∮ 
CS 

ρβ( � V − �
 V CV ) · d � S . (1)

In Eq. (1) , CS refers to the boundary of the Control Volume (CV),

is the density of the Lagrangian system and V represents

he Lagrangian system volume. If the velocities of the equivalent

oving CV are assumed to be equal to the Lagrangian system ve-

ocities, �
 V CV = 

�
 V = u L, j , then it is possible to omit the last term

n the Right-Hand Side (RHS) of Eq. (1) . We use u L,j to refer to

he three components of the Lagrangian system velocity. These are

ot equivalent to the three velocity components normally solved in

DT, u j . Details of the relation between the ODT velocity compo-

ents u j and the Lagrangian velocities u L,j , which comply with Eq.

1) , can be found in Section 2.3 . 

In the Zero-Mach number limit combustion, the velocity field

dmits an orthogonal decomposition into zero-divergence and

on-zero-divergence contributions [16] . Similar considerations can

e applied to the diffusion–reaction evolution of the Lagrangian

elocity field considered here. We define our system of equations

or Zero-Mach combustion as one comprised by the variables of

hermodynamic pressure P , the Lagrangian velocity field u L,j , the

pecies mass fractions present in the gas mixture Y k and the en-

halpy of the mixture h . Such a system of equations, in terms of

on-conservative variables, implies conservation of mass, i.e. the

ensity evolution Partial Differential Equation (PDE) can be derived

rom such a system of equations, although it does not need to

e resolved directly [16] . The system of equations comprises then

 PDE for momentum conservation acting over a zero-divergence

elocity contribution for u L,j , species mass fractions and enthalpy

DEs, an expression for the temporal rate of change of the pres-

ure, as well as the non-zero divergence condition for the comple-

entary contribution to u L,j . 

The momentum equation evolution is used in ODT as a mech-

nism to update the velocity components influencing the selec-

ion of eddy events, i.e., the ODT velocity components u j expe-

iencing diffusion evolution and influencing turbulent advection

see Section 2.2 ). u j velocity components comprise the divergence-

ree part of u L,j . The formulation for the momentum equation in

his work follows then the original incompressible ODT momen-

um evolution in [15] , derived from the RTT, Eq. (1) , 

∂u j 

∂t 
= 

∂ 

∂x 

(
μ

∂u j 

∂x 

)
, (2) 
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where μ is the dynamic viscosity of the flow. Note that all the

equations from [15] are written in this work, for simplicity, in a

differential form, but they are the same as those reported in the

original work. 

The conservation equations for species and enthalpy are also

obtained by application of the RTT, Eq. (1) [15] . Modeling the

species diffusion velocities by the Hirschfelder and Curtis’ approxi-

mation [17] , the correspondent enthalpy and species equations are

respectively 

ρ
∂Y k 
∂t 

= 

∂ 

∂x 

(
ρD k 

∂Y k 
∂x 

+ 

ρD k Y k 
M 

∂M 

∂x 

)
+ 

˙ w k , (3)

ρ
∂h 

∂t 
= 

dP 

dt 
+ 

∂ 

∂x 

(
λ
∂T 

∂x 

)
+ 

∂ 

∂x 

[ 

N ∑ 

k =1 

(
h k 

ρD k Y k 
X k 

∂X k 

∂x 

)] 

. (4)

Here P is the leading order thermodynamic pressure, D k is the

k th species mixture-averaged diffusion coefficient and Y k , X k cor-

respond to the k th species mass and mole fractions respectively. M

is the mean molecular weight of the mixture, ˙ w k is the k th species

reaction rate and h k is the k th species enthalpy (including the en-

thalpy of formation). The rest of the symbols, T, ρ and h corre-

spond to the local temperature, density and enthalpy of the mix-

ture respectively. The equation of state for a mixture of ideal gases

is, in this case 

P = 

ρT R 

M 

, (5)

being R the universal gas constant. 

The non-zero divergence condition in the Zero-Mach combus-

tion is linked to the complementary contribution to u L,j , i.e. a de-

formation (or dilatation) velocity field u D,j (the reader is advised to

refer to the derivation of Eq. (28) in [15] ). For a 1-D domain, this

is 

∂u D, 1 

∂x 
= − 1 

γ P 

dP 

dt 
+ Q . (6)

where u D , 1 is the dilatation velocity associated with the density

changes in x direction, and γ is the ratio of specific heats. Q is

given by 

Q = 

1 

ρc p T 

{ 

∂ 

∂x 

(
λ
∂T 

∂x 

)
+ 

N ∑ 

k =1 

[
h k 

(
∂ 

∂x 
( ρV k Y k ) − ˙ w k 

)]} 

− M 

ρ

N ∑ 

k =1 

{
1 

M k 

[
∂ 

∂x 
( ρV k Y k ) − ˙ w k 

]}
, (7)

where M k is the molecular weight of species k , and V k is a short-

hand notation for the k -species diffusion velocities, which in the

case of the Hirschfelder and Curtis’ approximation used in this

model takes the form 

 k = − D k 

∇X k 

X k 

= −D k 

(
1 

Y k 
∇ Y k + 

1 

M 

∇ M 

)
. (8)

Finally, it is also possible to derive an expression for the tem-

poral change of pressure by integrating Eq. (6) over the domain

of length L , noting the spatially uniform thermodynamic pressure.

This derivation can also be found in [15] , 

dP 

dt 
= 

[
( u D,x = L − u D,x =0 ) −

∫ x = L 

x =0 

Qdx 

]
−P 

x = L ∫ 
x =0 

1 
γ dx 

. (9)

2.2. ODT turbulent advection modeling 

The turbulent advection of the flow is modeled in ODT as a

sequence of intermittent eddy events, which preserve mass, mo-

mentum and energy. Eddy events symbolize the coupling between
he chemical and turbulent flow state. They modify the scalar pro-

les corresponding to the conserved flow properties, and simulta-

eously influence the determination of future eddy events. 

Each eddy event in ODT is characterized by three parameters,

amely, the eddy location x 0 , the eddy size l and the eddy rate λ.

n eddy event consists of a map that mimics the stirring of prop-

rty profiles. This is done in ODT by means of the triplet map [9] .

calar profiles are only subject to eddy stirring effects and thus

eed only be mapped. Additional constraints arise for the velocity

rofiles, which need to be mapped but must also comply simulta-

eously with an overall total kinetic energy conservation among

he three velocity components of the velocity field [18] . There-

ore, an additional Kernel function is applied in order to enforce

hese criteria and redistribute energy among the three velocity

omponents. Energy redistribution is associated to the parameter

[18] , which in this work was assumed to take the standard value

= 2 / 3 , implying equal energy redistribution among the three ve-

ocity components. 

The triplet map operation is a transformation rule for the po-

ition of the discrete elements of the scalar and velocity profiles

ithin the interval [ x 0 , x 0 + l] , at a certain instant of time deter-

ined by the eddy rate λ. The positions are mapped onto three

ubintervals according to a three-valued function of x 

f (x ; x 0 , l) 

= 

{ 

x 0 + f 1 (x − x 0 ) , x 0 ≤ x ≤ x 0 + f 1 l 
x 0 + f 2 l − ( f 2 − f 1 )(x − x 0 ) , x 0 + f 1 l ≤ x ≤ x 0 + f 2 l. 
x 0 + f 2 l + (1 − f 2 )(x − x 0 ) , x 0 + f 2 l ≤ x ≤ x 0 + l 

(10)

q. (10) maps the interval [ x 0 , x 0 + l] onto each of three subinter-

als [ x 0 , x 0 + f 1 l], [ x 0 + f 1 l, x 0 + f 2 l] and [ x 0 + f 2 l, x 0 + l], where

f 1 = 1 / 3 and f 2 = 2 / 3 [9] . 

The eddy location x 0 is sampled from a uniform distribution

ver the full ODT domain. The eddy size l is selected from an eddy-

ize PDF that comprises eddies between the Kolmogorov length-

cale and the full domain length. The eddy rate λ is calculated

n the basis of a dimensional analysis, and is related to the eddy

urnover time τ and the square of the eddy size l . Details of the

tatistical eddy sampling and selection can be found in [19] . 

τ can be modeled from the kinetic energy expression for an

ddy E kin = 0 . 5 ρV v 2 , with the eddy velocity v expressed as l / τ ,

.e. E kin = 0 . 5 ρl ( l/τ ) 
2 
. This is the basis of the dimensional model-

ng of the eddy turnover time and thus, leads to the expression

ound in [14] 

1 

τ
= C 

[ 
2 K 0 

ρ0 l 3 
( E kin − ZE v p + E pe ) 

] 1 / 2 
. (11)

ere C is a proportionality constant affecting the eddy rate, i.e. C

epresents the intensity of the turbulence and is an ODT model

arameter that needs to be calibrated. Z is normally determined to

e an order-unity parameter of the ODT model, which nonetheless,

eeds to be calibrated [19] . Also, K 0 = 

∫ 
K 

2 dx and ρ0 = 

∫ 
ρK 

2 dx ,

here K is a Kernel function in ODT [19] . 

The additional energy terms in Eq. (11) are the potential en-

rgy change ( E pe ) due to the instability caused by the eddy imple-

entation in the variable density flame front [14] , as well as an

nergy penalty ( ZE vp ) that reflects viscous dissipation effects [19] .

f these terms are neglected, then the original dimensional rela-

ion between E kin and τ is recovered. However, due to the model-

ng used in this work, both terms are retained for the calculation

f the turnover time. A detailed discussion concerning the energy

erms in Eq. (11) along with their calculation method can be found

n [19] . Guidelines for the case-specific term E pe can be found in

ection 2.3 . 

One final aspect worth noting regarding the ODT turbulent ad-

ection modeling, is that the use of the eddy-size PDF for the se-

ection of l can result in the selection of eddies that are unphysi-
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ally large [18] . A discussion of possible mechanisms for large eddy

uppression can be found in [19] . We do not apply any kind of sup-

ression mechanism for the eddies in this work. Instead, eddies are

mplemented only in the range between the computed Kolmogorov

ength-scale ηK corresponding to the given initial conditions, and

he DNS integral length-scale l t . The Kolmogorov length-scale ηK is

omputed following the relation between the turbulent Reynolds

umber ( Re t ) based on the DNS integral length-scale, and the well-

nown relation ηK /l t = Re 3 / 4 t . 

.3. Constant volume autoignition modeling 

Modeling considerations are required for non-canonical cases in

DT. Although it is not strictly part of the modeling, we discuss in

his section the treatment of the thermodynamic pressure P . De-

pite having its own evolution equation, P is not updated in this

ork using Eq. (9) . Eq. (9) is only used in this work to evaluate the

P / dt term used for enthalpy time-advancement in Eq. (4) . How-

ver, the resulting pressure after the advancement of the chemi-

al system given by h and Y k at constant volume does not need

o be calculated by time-advancement. Rather, it can be evaluated

y means of the ideal gas law applied to the closed computational

omain. This is a direct analogy of the methodology used in [20] ,

 = 

R 

(∫ x = L 
x =0 ρdx 

)
t=0 ∫ x = L 

x =0 

(
T 

∑ 

k 
Y k 
M k 

)−1 
dx 

. (12) 

he integral expression in the numerator of the fraction corre-

ponds to the initial mass of the system, which is conserved dur-

ng the simulation. The length of the domain is also assumed to

emain constant. 

For the study case considered here, the Lagrangian velocities u L,j 

sed in the RTT equation, Eq. (1) , and applied to the set of con-

ervation equations discussed in Section 2.1, are made up of the

um of the advective and deformation (dilatation) velocities. I.e.,

hese are the sum of density-related and density-unrelated contri-

utions to the velocity vector. This is the previously mentioned ve-

ocity field decomposition and follows a similar philosophy to the

odeling suggested in [14] 

 L, j (Lagrangian) = u j, (net advection = turbulent advection) 

+ u D, j (deformation) . (13) 

n comparison to [14] , however, the net advection of the system is

iven in this case only by the turbulent advection modeled by ODT,

ue to the zero mean advection contribution in constant volume

ystems. The position of the individual control volumes, which cor-

esponds to that of the Lagrangian system (zero relative-velocity),

s then determined from the velocity components u L,j . Further dis-

ussion regarding the evolution of these Lagrangian velocity com-

onents can be found in Appendix A . 

Starting from Eq. (13) , it can be shown that the position of

he individual Control Volumes is influenced by the correspondent

olume of the cells and the turbulent transport. Even though the

ean density of the system remains unchanged due to the con-

tant mass and volume during the time evolution, local volume

and density) changes are expected according to Eq. (6) . These

hanges translate into the spatially uniform increase of the ther-

odynamic pressure given by Eq. (9) . For this study, all of the

ilatation of the system is assumed to be confined to the ODT

ine (no flow is assumed to leave the line). Here, u D, 1 = u D and

 D, 2 = u D, 3 = 0 in Eq. (13) . In the absence of eddy events, during

he sole diffusion–reaction evolution, this dilatation follows from

he implied continuity equation, 

Dρ

Dt 
+ ρ

∂u D 

∂x 
= 0 . (14) 
Following from this, in 1-D with mass and volume conservation

ithin the ODT line, the dilatation velocity u D is equal to the def-

nition of the velocity by means of the displacement of the cells

aces 

 D = 

dx 

dt 
. (15) 

hus, the two methods for the calculation of u D , Eqs. (14) and (15) ,

re equivalent and consistent with the formulation. We use the

econd approach in this work. 

In order to account for the influence of the dilatational flow on

he eddies, the Darrieus–Landau instability model was introduced

14] . The effect is formally incorporated into the E pe energy term

equired for the calculation of the eddy turnover time in Eq. (11) 

 pe = 

8 

27 

∫ x 0 + l 

x 0 

a (x ) K (x ) 

(
ρ[ f (x ;x 0 ,l)] − ρ

)
dx, (16) 

here the Kernel definition K = f (x ; x 0 , l) − x was used [19] . ρ cor-

esponds to the average density over the sampled eddy length,

hile a is the acceleration induced by the variable density flame-

ront. For further details and considerations regarding this energy

erm, the reader is referred to Jozefik et al. [14] . 

For this work, the acceleration term a in Eq. (16) is given simply

y the temporal change of the dilatational velocity 

 = 

∂u D 

∂t 
. (17) 

.4. Numerical advancement of the stiff diffusion–reaction system 

Previous studies in LEM and ODT have used different strate-

ies to handel stiff chemistry time integration (see e.g. [15] and

21] ). During the initial phase of this study, these approaches

ere applied to the current test cases and resulted in ex-

remely small time-steps in order to achieve stable solutions

( 
t req << 1 × 10 −9 s ) . Such small time-steps result in extremely

ostly simulations. Thus, an alternative approach was implemented

n order to improve efficiency. The alternative approach is based

n the operator Strang-Splitting method developed in [22] . This

pproach was able to remedy the time-step limitations, such that

alues of 
t req > 1 × 10 −9 s could be achieved. 

Before proceeding, the reader is advised that all of the equa-

ions reported here are solved by means of a FVM discretization

cheme as in [15] . The advancement of the governing equations is

iven by the splitted treatment of the diffusion and reaction op-

rators. First, the chemical subsystem is advanced considering the

plitting approach in the species and enthalpy evolution equations,

qs. (3) and (4) , respectively. The diffusive advancement over one

alf of the time step integrates the subsystem: 

∂Y k 
∂t 

= 

∂ 

∂x 

(
ρD k 

∂Y k 
∂x 

+ 

ρD k Y k 
M 

∂M 

∂x 

)
, (18) 

∂h 

∂t 
= 

∂ 

∂x 

(
λ
∂T 

∂x 

)
+ 

∂ 

∂x 

[ 

N ∑ 

k =1 

(
h k 

ρD k Y k 
X k 

∂X k 

∂x 

)] 

. (19) 

he species diffusion equation, Eq. (18) is advanced with a second-

rder Crank–Nicolson discretization scheme, over a time step 
t /2.

he enthalpy equation is advanced with a second-order explicit

unge–Kutta predictor–corrector method. This avoids the formu-

ation of an excessively complex implicit matrix to treat Eq. (19) .

he species mass fractions values at time step 
t /4 required for

he corrector step of the enthalpy equation are obtained from an

dditional advancement of the species PDE (using the same Crank–

icolson method for simplicity). Once the values of the species and

nthalpy are available at the time level 
t /2, the reaction part of
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Table 1 

ODT initial conditions and parameter settings. 

Parameter Value 

Initial mean temperature, T 0 (K) 934 

Initial mean pressure, P 0 (atm) 40 

Initial fuel-air equivalence ratio � 0.3 

Initial laminar burning velocity s L (m / s) 0.36 

Initial isotropic velocity fluctuations v ′ (m / s) 0.5 

Initial turbulent Reynolds number Re t = v ′ l t /ν 220 

Domain length X ODT (m) 3 . 2 × 10 −3 

Integral Eddy length scale l t (m) 1 . 24 × 10 −3 

Initial number of cells 640 

Minimum cell size (mesh adaption function) dxmin (m) 4 . 16 × 10 −6 

Maximum cell size (mesh adaption function) dxmax (m) 3 . 2 × 10 −5 

Grid density factor (mesh adaption function) gDens 80.0 
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the splitting can be calculated with the chemical subsystem 

ρ
∂Y k 
∂t 

= 

˙ w k , (20)

ρ
∂h 

∂t 
= 

dP 

dt 
. (21)

The temporal advancement of Eqs. (20) and (21) is done over a

time step 
t . In order to advance the enthalpy reaction equation,

Eq. (21) , the thermodynamic pressure local change must be cal-

culated by means of Eq. (9) , using the information obtained at

the end of the diffusion sub-step. The species reaction equation,

Eq. (20) is solved implicitly at constant enthalpy by means of a

Newton-Method iteration. In practice, this is done by CVODE [23] .

The enthalpy reaction equation, Eq. (21) is solved by a first order

explicit Euler method. 

To finalize the advancement of the chemical system, another

diffusive advancement over 
t /2 is done, exactly as in the first dif-

fusion step. At all times during the operator splitting, the density

of the mixture is assumed to remain constant. The resulting ther-

modynamic pressure at the end of the splitting approach is cal-

culated from Eq. (12) , using the updated values of h and Y k ( T is

calculated as a function of h and Y k at constant volume and pres-

sure). Thermodynamic and transport properties are calculated us-

ing the C++ interface of the Cantera software package [24] . The

density update in the new time step can be found afterwards by

means of the ideal gas law (solved by Cantera), considering the

calculated species mass fractions, enthalpy and pressure after the

operator splitting procedure. 

The implicit advancement of the discretized momentum equa-

tion, Eq. (2) , is done after the full advancement of the chemical

system. In this work, the ODT velocity components u j were ob-

tained by means of a first-order implicit Euler approximation. 

In order to account for the dilatational velocities u D influencing

the eddy events and simultaneously enforce the non-zero diver-

gence condition, new cell sizes satisfying Eq. (6) are calculated. In

order to carry out the calculation, Eq. (15) is discretized and sub-

stituted into Eq. (6) [ (
− 1 

γ P 

dP 

dt 
+ Q 

)n +1 

i 


x n i 

] 


t = 
x n +1 
i 

− 
x n i . (22)

Here, 
x i indicates the cell size at position i and the superscripts

n, n + 1 indicate the correspondent time steps. The divergence con-

dition is evaluated with the values obtained at time step n + 1 .

This ensures the enforcement of the Boundary Conditions for u D 
and allows its direct calculation for its use in the evaluation of the

eddy turnover time, Eq. (11) . 

Due to the combination of different numerical schemes that

typically lead to time-splitting errors during numerical integration,

a brief study commenting the overall precision of the scheme and

its numerical convergence can be found in Appendix B . 

2.5. Adaptive ODT formulation 

The version of the ODT code used for this work incorporates

the mesh adaption technique discussed in Lignell et al. [15] . This

technique is based on the distribution of cells in a certain re-

gion of the domain considering equal arc lengths of the property

profiles between pairs of cells. The properties used to determine

the arc lengths in the re-assignment of cells within the region to

adapt are selected prior to the simulation. In this work, all of the

time-evolving properties were selected as critical parameters of the

adaption function. 

The re-distribution of the cells within the region to adapt con-

siders a grid density factor that determines the new number of

cells to create in the adapted region, and which will determine the
nterpolated properties profiles in the new mesh. This grid density

actor is a user specified parameter gDens. Additionally, the mesh

daption procedure takes as an input the minimum and maximum

ell size to be created during the mesh refinement. The minimum

ell size is determined in order to have a proper resolution of the

xpected smallest physical length scales that need to be resolved

n the simulation. The maximum cell size should be considered as

 parameter sufficiently larger than the minimum cell size to speed

p the simulation, but not so large as to provoke numerical arte-

acts. 

The user-specified input parameters of the mesh adaption func-

ion, gDens, dxmin (minimum cell size allowed) and dxmax (max-

mum cell size) can be found in Table 1 for all of the simulation

esults obtained in this work. The mesh input parameters are se-

ected in a way as to obtain mesh-independent results. 

. Simulation setup 

.1. Flow configuration, boundary and initial conditions 

The selected flow configuration corresponds to the one-

imensional representation of the 2-D DNS [5] square domain.

ince ODT represents a line of sight through the turbulent flow

ithin the 2-D domain, as in the DNS, periodic boundary condi-

ions are applied to the ODT line. The length of the ODT line (do-

ain length) corresponds to the side length of the square DNS do-

ain. 

Initial conditions for the pseudo-homogeneous initial mixture

eld are given by the definition of the velocity, species mass frac-

ions, temperature and pressure spatial profiles at t = 0 . 

• Species mass fractions profiles are initialized at a constant Air–

Fuel equivalence ratio. 

• The ODT velocities u j are initialized by a Passot–Pouquet turbu-

lence spectrum in analogy to [8] , that is 

E(k ) = 

32 

3 

(
2 

π

)1 / 2 v ′ 2 

k e 

(
k 

k e 

)4 

exp 

[ 

−2 

(
k 

k e 

)2 
] 

. (23)

Here, k is the wave number, k e is the most energetic wave num-

ber defined by k e = 2 π/l t and v ′ is the RMS velocity fluctuation.

The integral length scale l t is assumed in this case to be equal

in magnitude to the most energetic length scale. The resulting

initial velocity field v ( x ), which is used to initialize each one of

the ODT velocity components u j is 

v (x ) = v 0 + 

K ∑ 

k =1 

(
v ) k sin (2 πkx/l t + φk ) . (24)

where K → ∞ , v 0 denotes the initial mean velocity field and φk 

is the randomly chosen phase of the k th wave with 0 ≤φ ≤ 2 π .
k 
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Fig. 1. Ignition Delay Times (IDT) for 0-D homogeneous reactor. Comparison of the 

preselected chemical mechanisms to experiments. Detailed chemistry mechanisms 

results are shown as well for reference. 
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The velocity amplitude at wavenumber k for a periodic velocity

field (initially isotropic) 
v , is given by 

(
v ) k ≈ [2 E(k )] 1 / 2 (25)

• The temperature profile is defined similarly as in Eqs. (23) –( 25 ),

by means of a Passot–Pouquet spectrum. Only sufficiently large

values of RMS temperature fluctuations T ′ are used for initial-

ization ( T ′ = 60 K, 100 K). This similar initialization of the tem-

perature and velocity fields is done following the methodology

of the DNS study used for comparison [5] . As in the DNS, both

fields are initialized with different random numbers in order to

ensure that they are not correlated. 

• The pressure P is initialized spatially uniform with P 0 . 

A summary of the initial conditions is given in Table 1 . For

he first part of this work, we consider initial RMS temperature

uctuations of T ′ = 60 K. After calibrating the ODT parameters,

n exploratory study is done with a temperature fluctuation of

 

′ = 100 K, analogous to [5] . 

.2. Pre-selection of the chemical mechanisms 

Three different chemical mechanisms are used in this work.

ince the initial conditions of the DNS imply the use of the

ow Temperature Chemistry (LTC) regime for n-Heptane, a pre-

iminary 0-D homogeneous validation for the set of available

hemical mechanisms was carried out. We compared the results

f the Ignition Delay Times (IDT) to those obtained experimen-

ally by Herzler et al. [25] at conditions of P 0 = 50 atm, T 0 =
34 K, � = 0 . 3 . Note that even though the DNS was carried out

t P 0 = 40 atm, the 0-D homogeneous reactor validation is car-

ied out at P 0 = 50 atm due to the non-availability of exper-

mental results at P 0 = 40 atm. Despite the differences in the

alues of the initial homogeneous pressure, the results are ex-

ected to offer a sufficiently good framework for comparison of

DTs. 

Results of the 0-D homogeneous reactor validation are shown

n Fig. 1 . Note that only the physically coherent mechanisms re-

ults are shown. Mechanisms not shown here exhibited unphysi-

al behavior regarding the IDTs at the specified initial conditions.

he obtained IDTs at P 0 = 50 atm, T 0 = 934 K, � = 0 . 3 for the

echanisms of Seidel et al. [26] , Yoo et al. [5] (88 species) and
hong and Zheng [27] are sufficiently close to the experimental

alues obtained in [25] as to validate the preselection. Although

he 0-D homogeneous behavior from the mechanism of Zhong and

heng [27] is closer to the experimental IDTs, it shows a multi-

tage ignition process in the temporal evolution of the heat re-

ease rate, i.e. the presence of two peaks in the heat release rate

volution (not shown here). A similar behavior is obtained for

he mechanism of Seidel et al. [26] . Since the mechanism from

oo et al. [5] is the only one not exhibiting this multi-stage ig-

ition, and in order to do a reliable comparison with the DNS

tudy, the 88 species mechanism from [5] is the one extensively

valuated in this work. The other ones are considered only for

omparison in terms of the sensitivity to the reaction chemistry.

igure 1 also shows the results obtained for the detailed chem-

stry of Curran et al. [28] and Seidel et al. [29] for comparison, i.e.

he base chemistry for the three before mentioned reduced mech-

nisms. The reader should note that the mechanism from [5] used

n this work is the one with 88 species, in contrast to the further

implified 58 species (and 763 reactions) mechanism used in the

NS. The species bundling and Quasi-Steady-State Approximation

QSSA) technique used in the DNS for the simplification of the 88

pecies mechanism is avoided in this study in order to work with

 more complex chemistry, and due to temporarily non-resolved

ssues regarding the implementation of the QSSA Fortran subrou-

ine of the original 58 species mechanism into the C++ ODT en-

ironment using Cantera. The results are expected to be the same

s in the original DNS, since the number of chemical reactions is

aintained. 

The final pre-selected chemical mechanisms and the original

NS chemical reaction mechanism are summarized in Table 2 with

ome of their distinctive characteristics. 

. Results 

.1. Sensitivity to initial conditions and ensemble statistics 

The main focus of this work is to compare ODT 1D results to

NS data by Yoo et al. [5] . These results correspond to 2-D DNS

nd might be quantitatively different to 3-D behavior (as discussed

n [6] ). This implies some degree of compromise when compar-

ng with ODT results, since ODT models a full 3-D turbulent field.

owever, to the best of the authors’ knowledge, there is no DNS up

o this date that has been able to simulate the complex chemistry

f n-Heptane in a full 3-D turbulent field. 

Figure 2 shows the reference case selected for the preliminary

aminar evaluation with initial conditions specified according to

ection 3.1 . The temporal average behavior of the heat release rate

nd pressure are shown. Since the characteristic turbulent decay

ature of the flow is the interesting property to be evaluated for

his work, all of the averages done for the autoignition simula-

ions presented in this paper follow a spatial averaging philoso-

hy. Figure 2 is a representation of this spatial averaging, and also

f a series of N = 60 ensemble members average. A sample size

f N = 60 ensemble members was selected for all of the simula-

ions in this work, since this was the minimum number of en-

emble members to achieve an invariant shape of the mean spa-

ial averages of heat release rate and pressure. The standard devi-

tion σ shown in Fig. 2 corresponds to the degree of dispersion

etween ensemble members, thus it is a representation of the sig-

ificant changes introduced by the different initial conditions due

o the random initial temperature and velocity fields. The shape of

he standard deviation of the sample is shown exemplary here. The

arge dispersion between the ensemble members, however, will be

nalyzed again in the context of the ODT model calibration. We

ote that, if the same initial conditions are used, σ = 0 in the lami-

ar runs. We use the notation < 1-D Laminar > in Fig. 2 to refer to
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Table 2 

Preselected chemical mechanisms used in this study. The DNS 58 species chemical mechanism is listed as a reference only. 

Author / Study # Species # Reactions Description 

Seidel et al. [26] (S56) 56 Species 198 Reactions Skeletal Scheme from [29] reduced for very lean mixtures 

Yoo et al. [5] (Y88) 88 Species 763 Reactions Skeletal scheme obtained from applying two-stage Directed Relation Graph 

(DRG) and DRG-aided sensitivity analysis to detailed mechanism [28] 

Yoo et al. [5] (DNS Mech., Y58) 58 Species 763 Reactions Linearized QSSA and diffusive species bundling applied to previous 88 species 

skeletal scheme, without altering the number of reactions 

Zhong and Zheng [27] (Z52) 52 Species 234 Reactions Mechanism for three-component fuel. n-Heptane chemistry obtained from 

sensitivity analysis done to 188 skeletal scheme, obtained from two-stage 

Directed Relation Graph (DRG) applied to detailed mechanism [28] 

Fig. 2. Mean spatial behavior of the ensemble heat release rate (top) and pressure 

(bottom) as a function of time. Ensemble spatial-mean ODT result (red dashed) is 

compared to DNS spatial-mean data (blue solid) from [5] . For reference, ODT 0-D 

homogeneous reactor (red dashdot) and ODT laminar (red dotted) results are shown 

( � = 0 . 3 , T 0 = 934 K and P 0 = 40 atm ). (For interpretation of the references to color 

in this figure legend, the reader is referred to the web version of this article.) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 3. Influence of ODT Z Parameter on mean spatial ensemble heat release rate 

(top) and pressure (bottom) as a function of time. For reference, ODT laminar re- 

sults and DNS spatial-mean data are shown. 
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the ensemble and spatial averaged results. In the rest of the Figures

in this work, for simplicity, we only use the notation 1- D Laminar

for these averages (or ODT for turbulent simulations considering

also this averaging philosophy). 

The sensitivity of the constant volume autoignition flows to

random initial conditions was already discussed in [8] (in the con-

text of LEM). Such sensitivity motivated the series of DNS papers,

among which the work of Yoo et al. [5] can be found. The initial

temperature field distribution has a strong influence on the overall

transient development of the flow conditions before ignition and

this can already be seen in laminar flow conditions. The laminar

flow is interpreted in this work as the absence of eddy events in

the ODT model. 

It is important to note that the DNS results from [5] shown in

Fig. 2 , and all of the figures including DNS results in this work, did

not consider an ensemble statistical evaluation, but were rather the

result of a one-time initialization of a certain turbulent (and tem-

perature) field. This is justified and defined in the DNS study by

following the same methodology as the study for hydrogen/air au-

toignition done by Hawkes et al. [3] , where the authors used an

identical initial temperature fluctuation field for all of the differ-

ent temperature fluctuation amplitudes evaluated. The temperature

field was just scaled by the appropriate amount according to the

specified amplitude of the temperature fluctuations in each case.

This is not the methodology used for this work. Here, each ensem-

ble member (that could be interpreted as a different DNS realiza-

tion) was initialized with a different random temperature field that

preserved a given temperature fluctuation amplitude. 
.2. Sensitivity to ODT model calibration parameters 

The ODT model calibration is achieved by determining the opti-

al values for C and Z to be used in Eq. (11) (parameters affecting

he eddy acceptance probability). 

Figure 3 shows the behavior of the mean spatial heat release

ate and pressure over time for different values of the Z parame-

er at a fixed C parameter value ( C = 1 ) in the ODT model, while

ig. 4 shows the same plots for different values of the C param-

ter at a fixed Z ( Z = 0 . 001 ). In this work, a range of parameters

f 1 ≤ C ≤ 10 and 0 ≤ Z ≤ 1 were selected based on the previous

DT explorations for variable density formulations in the case of

ayleigh–Taylor instabilities done by Gonzalez et al. [13] and the

DT formulation done by Jozefik et al. [14] . Note that C can take

ny desired value, but, as it was stated before, Z is an order-unity

arameter in the model. Z is a viscous penalty parameter for the

mallest length-scales, which, if used between the values 0 ≤ Z ≤ 1,

as only efficiency purposes. Considering values of Z > 1 would im-

ly neglecting eddies larger than the Kolmogorov length scale. 

It is clearly seen from Figs. 3 and 4 that both C and Z have

ery little influence on the behavior of the ensemble averaged

eat release and pressure. This marginal influence might be at-

ributed to the low turbulent Reynolds number of the reference

ase ( Re t ∼ 220). The spatial and ensemble average of the pressure

ver time in Fig. 4 exhibits a shift towards a delayed second-stage

gnition for increasing values of C . This coincides with the fact that

n increased turbulence level quickly homogenizes the initial inho-

ogeneous temperature field and displaces the entire system be-

avior towards that of the 0-D homogeneous ignition. 
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Fig. 4. Influence of ODT C Parameter on mean spatial ensemble heat release rate 

(top) and pressure (bottom) as a function of time. For reference, ODT laminar re- 

sults and DNS spatial-mean data are shown. 

Table 3 

Criteria for the selection of optimal ODT parameters C and Z (Simulations with � = 

0 . 3 , T 0 = 934 K, P 0 = 40 atm with initial temperature fluctuations T ′ = 60 K). 

Parameters tpeakHRR, ODT (s) HR until t peakHRR, DNS (J/m 

3 ) 

C = 1 , Z = 0 . 001 2.28 7.445 × 10 9 

C = 3 , Z = 0 . 001 2.24 8.054 × 10 9 

C = 5 , Z = 0 . 001 2.26 7.692 × 10 9 

C = 10 , Z = 0 . 001 2.32 6.223 × 10 9 

C = 1 , Z = 0 . 01 2.32 7.108 × 10 9 

C = 1 , Z = 0 . 1 2.34 6.291 × 10 9 

C = 1 , Z = 1 2.24 7.624 × 10 9 

C = 1 , Z = 0 2.26 7.832 × 10 9 
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Fig. 5. Mean spatial ensemble ODT results for the TKE as a function of time. Top: 

influence of ODT Z parameter. Bottom: influence of ODT C parameter. 

Fig. 6. Set of 20 ensemble members showing the mean spatial evolution for the 

heat release rate (top) and pressure (bottom). Each ODT realization (grey) has dif- 

ferent initial conditions generated with Eq. (24) and uses the optimized C and Z 

parameters. DNS results are shown in blue for comparison. (For interpretation of 

the references to color in this figure legend, the reader is referred to the web ver- 

sion of this article.) 
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Even though the comparison between the DNS results (for just

ne certain random initial temperature field) with the ODT ensem-

le average results (product of a set of different randomized initial

onditions) might not be completely accurate, we select the opti-

al values of C and Z based on this comparison. We use the peak

eat release rate events for calibration purposes. The peak heat re-

ease rate events are defined here as a qualitative evaluation of

oth the quantitative results for the time of peak heat release rate

vents for the ODT ensemble average behavior ( t peakHRR, ODT ) and

he absolute chemical heat release in J/m 

3 achieved until the mo-

ent of peak heat release rate event in the DNS results, i.e. the

ntegral of the heat release rate over time until t peakHRR, DNS . These

esults are reported in Table 3 . 

By direct inspection of the obtained plots concerning the influ-

nce of Z and C on the spatial mean ensemble behavior and hav-

ng reviewed the data obtained in Table 3 , it is seen that a slightly

aster ignition can be obtained for values of Z that are either 0 or 1

intermediate values delay the ignition time). Since selecting Z = 1

mplies imposing an eddy cutoff filter right at the Kolmogorov

ength-scale, selecting Z = 0 seems a more reasonable choice for

his parameter from the physical point of view. However, selecting

 = 0 might result in a non-optimal performance of the code, and

he occurrence of occasional deadlocks due to the appearance of

xtremely small eddies. Due to this reason, we select a value of

 very close to 0 ( Z = 0 . 001 ), which produces very similar results

o Z = 0 . Regarding the C parameter, small values of C are able to

roduce faster second-stage ignition processes. Thus, we select the

alue C = 3 . Another interesting comparison concerning the effects

f the C and Z parameters can be seen in Fig. 5 , where the tempo-
al TKE evolution is plotted. For the TKE, the Z parameter has no

nfluence at all, while the C parameter clearly accelerates the TKE

onsumption. 

As it was commented before, the calibration process shown

ere is based on the comparison between specific DNS results and

nsemble average ODT results, assuming that an ODT realization is

quivalent to a DNS realization. In fact, the ODT average behavior

at least in the case of the Yoo et al. mechanism [5] ) comprises

 wide range of possible flow evolution scenarios, among which,

he scenario of the DNS results can be observed. This is shown

n Fig. 6 , where 20 ensemble members are simultaneously plotted,

ome of them, coinciding with the DNS result. 

To prove that for the case being studied here, an ODT realiza-

ion is practically equivalent to a DNS realization, an additional set

f N 2 = 20 ensemble members of ODT realizations corresponding

o the initial conditions that were closest to DNS results within

he original set of N = 60 ensemble members, is further presented

n Fig. 7 . In these realizations, the same initial conditions are
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Fig. 7. Set of 20 ensemble members showing the mean spatial evolution for the 

heat release rate (top) and pressure (bottom). Each ODT realization (grey) used the 

optimized C and Z parameters and the same initial conditions, corresponding to the 

best-fit-to-DNS ODT results within the N = 60 ensemble members. The ODT random 

number seed was however varied. For reference, the N 2 = 20 ensemble average be- 

havior (red) and DNS results (blue) are shown.(For interpretation of the references 

to color in this figure legend, the reader is referred to the web version of this arti- 

cle.) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 8. Influence of initial RMS T ′ on the mean spatial ensemble heat release rate 

(top) and pressure (bottom) as a function of time. ODT results are compared to 

the equivalent DNS spatial-mean data. Laminar results are also shown for reference. 

(For interpretation of the references to color in this figure legend, the reader is 

referred to the web version of this article.) 

Fig. 9. Influence of using randomized initial conditions or Fixed Initial Conditions 

(FIC) on the mean spatial heat release rate (top) and pressure (bottom) as a func- 

tion of time for the case with initial RMS T ′ = 100 K. Standard deviations obtained 

for the N = 60 ensemble with randomized initial conditions and N 2 = 20 ensemble 

with FIC are shown as reference. 
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considered, but the temporal evolution of the flow differs due to

the different results in the stochastic eddy sampling and selection

procedure. Figure 7 could then be interpreted as a measure of the

degree of uncertainty inherent to the ODT stochastic model. By

direct comparison of Figs. 6 and 7 , it is possible to see that the

outcome for the uncertainty of the model is marginal in compar-

ison to the influence of the different initial temperature fields for

the simulated cases, thus the flow evolution is dominated by the

chemical initial conditions. Furthermore, each ensemble member

in N , by itself, could be considered representative of a different

DNS realization. 

4.3. Influence of the magnitude of the initial temperature fluctuations

Due to the excessive dependence on the initial conditions, the

next important parameter to evaluate is the amplitude of the tem-

perature fluctuations in the initial inhomogeneous temperature

field. To that extent, the T ′ = 60 K evaluated so far is compared

in this section to the T ′ = 100 K results and both of these results

are compared with the DNS data [5] . 

Figure 8 shows the temporally evolving ensemble averages of

the mean spatial heat release rate and pressure. Increasing the am-

plitude of the temperature fluctuations in the starting inhomoge-

neous temperature field can be seen to accelerate the occurrence

of peak heat release rate events and also to broaden the heat

release dome. The broadening of the average heat release dome

is also partly due to the increased dispersion between ensemble

members. This can be seen in Fig. 9 , by means of the representa-

tive standard deviation ( σ ) for the N = 60 ensemble with random-

ized initial conditions produced with Eq. (24) , and the standard

deviation for the N 2 = 20 ensemble that considers a given, fixed

initial condition. 

Although in this case it is clear that the displacement of the

heat release dome corresponds to an earlier second-stage ignition,

it is possible to confirm this hypothesis by examining the behav-

ior of the density-weighted displacement speed S d . Following the

DNS methodology, an ignition front is tracked applying the defini-

tion of a density-weighted displacement speed. If such displace-
ent speed is constant and close to a finite propagation refer-

nce speed (here, the laminar burning velocity), as suggested in

he work done by Williams [30] , then the regime is said to be

 characteristical deflagration regime. Otherwise, if this displace-

ent speed greatly exceeds this reference value by orders of mag-

itude, then the regime is said to be a characteristical detonation.

he density weighted-displacement speed is defined in [5] as: 

 d = 

ρ

ρu 

(
1 

|∇Y C | 
DY C 
Dt 

)∣∣∣
Y C = Y C( ̇ w T,peak ) 

, (26)

here ρu is a reference density for the unburnt state of the prod-

cts, calculated by means of the local enthalpy and an assumed

nitial constant pressure P 0 and composition Y k ,0 . Likewise, Y C is

efined as the mass fraction of the bundled diffusive species C ,

hich is formed by Y C = Y CO 2 
+ Y CO . This chemical species tracks
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Fig. 10. Influence of initial RMS T ′ on the mean spatial ensemble normalized 

density-weighted displacement speed. ODT results considering randomized initial 

conditions and fixed initial conditions (FIC) are compared and evaluated to DNS 

results. Laminar results are also shown for reference. Top: T ′ = 60 K case. Bottom: 

T ′ = 100 K case. (For interpretation of the references to color in this figure legend, 

the reader is referred to the web version of this article.) 
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Fig. 11. Mean spatial ensemble heat release rate (top) and pressure (bottom) for 

the different mechanisms of [5] , [26] and [27] as a function of time (Y88, S56 and 

Z52 refer to the mechanism identification according to Table 2 ). (For interpretation 

of the references to color in this figure legend, the reader is referred to the web 

version of this article.) 
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he ignition front. Since in this work, the mechanism used for

valuation is the one proposed by Yoo et al. [5] with 88 species

disregarding species bundling), some definitions of this species

undling method are required for the comparison with DNS re-

ults. To that extent, the mass fraction, reaction rate and mass dif-

usion coefficient of a species B composed of b bundled species,

ill be [31] 

Y B = 

∑ 

b 

Y b , 

˙ 
 B = 

∑ 

b 

˙ w b , 

D B = D b . (27) 

Using the definition of the material derivative, and considering

he Hirschfelder and Curtiss’ approximation for species transport

sed in this work, Eq. (26) can be rewritten for a one-dimensional

omain as 

 d = 

1 

ρu | ∂Y C 
∂x 

| 
[
∂(ρD C ) 

∂x 

∂Y C 
∂x 

+ ρD C 
∂ 2 Y C 
∂x 2 

+ 

∂( ρD C Y C 
M 

) 

∂x 

∂M 

∂x 
+ 

ρD C Y C 
M 

∂ 2 M 

∂x 2 
+ 

˙ w C 

]
. (28) 

ll of the derivatives, mass diffusion coefficients, reaction rates,

ensities, among other properties, are evaluated for Y C at the

eak heat release rate ˙ w T,peak in a 0-D homogeneous reactor, i.e.

 C = 0 . 04 . The right hand side of Eq. (28) is carefully discretized

ith a second order central difference scheme and a grid interpo-

ation to the values with Y C = 0 . 04 is used. Also, it is important to

ote that there might be more than one place along the domain

here the desired value of Y C appears, thus S d is also the result of

n ensemble averaging that includes all of these locations. 

The behavior of the normalized density-weighted displacement

peed can be seen in Fig. 10 , where the ODT results for the case of

 

′ = 60 K and T ′ = 100 K are shown. It can be seen in Fig. 10 that

he reduced amplitude of the initial temperature fluctuations in

ombination with ODT reduces the spread of the heat release rate

ome ( T ′ = 60 K case). For the T ′ = 100 K case, a sustained flame

ront deflagration regime in the mean ensemble behavior can be
btained along practically the entire duration of the simulation.

ote that the ignition is not instantaneous due to the large inho-

ogeneity of the system, thus the existence of the sustained de-

agration regime. The existence of a flame front in the T ′ = 100 K

ase is far more likely than in the T ′ = 60 K case. In general, the

ean ODT ensemble behavior is similar to the DNS representa-

ive results. Although it is not shown here, each one of the ODT

nsemble members is able to capture the characteristic U-shape

urve of S d very well, and some ensemble members are also ca-

able of achieving very close results to those of the DNS. In that

ense, Fig. 10 also shows the influence on the normalized density-

eighted displacement speed due to the use of randomized initial

onditions against the selection of one fixed initial condition. 

.4. Variation of the chemical reaction mechanisms 

As the last important topic of interest, the behavior of the heat

elease rate, pressure, density-weighted displacement speed and

KE are revisited from the perspective of the sensitivity of the re-

ults to the different chemical mechanisms (see Table 2 ). We as-

essed extensively already the mechanism of Yoo et al. [5] and now

he mechanisms of Seidel et al. [26] and Zhong and Zheng [27] are

onsidered. 

In order to give some context before detailing the turbulent

imulations, the 0-D homogeneous behavior and the laminar 1-D

ehavior are examined in Fig. 11 using T ′ = 60 K. The first impor-

ant difference to note between the results obtained in 0-D homo-

eneous behavior by the skeletal mechanism of Yoo et al. [5] and

he results obtained by the mechanisms from Seidel et al. [26] and

hong and Zheng [27] , is that the ignition process produced by the

echanisms of Seidel et al. [26] and Zhong and Zheng [27] does

ot occur in a one-step process with a single peak heat release,

ike it is seen in the results obtained with the skeletal mechanism

f Yoo et al. [5] . Instead, a multi-step ignition process seems to

ake place (presence of 2 peaks on the temporal evolution of the

ean spatial heat release rate). This multi-step ignition process in

omogeneous conditions is not seen by the detailed mechanism

rom Seidel et al. [29] (not shown here for simplicity), which might

e a reason to think that the chemistry introduced in the reduced

echanisms is somehow artificial in the evaluated conditions. 
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Fig. 12. Mean spatial ensemble normalized density-weighted displacement speed 

(top) and TKE (bottom) for the different mechanisms of [5] , [26] and [27] as a 

function of time (Y88, S56 and Z52 refer to the mechanism identification accord- 

ing to Table 2 ). (For interpretation of the references to color in this figure legend, 

the reader is referred to the web version of this article.) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 13. Ensemble average and ensemble standard deviation evolution of the heat 

release rate and pressure for the difference chemical reaction mechanisms of 

[26] and [5] . The mean of different ODT realizations for Fixed Initial Conditions 

(FIC) closest-to-DNS results and its standard deviation (model uncertainty) are also 

shown for comparison (Case T ′ = 60 K). The notation Y88, S56 and Z52 refers to 

the mechanism identification according to Table 2 . (For interpretation of the refer- 

ences to color in this figure legend, the reader is referred to the web version of this 

article.) 
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The different species present in the mechanisms produced dif-

ferent ignition delay times as it was seen in Fig. 1 . This is seen now

again in Fig. 11 with the relative position of the heat release rate

domes associated to each mechanism. Another fact worth noting

lies in the disappearance of the before mentioned multi-step igni-

tion for the mechanisms of Seidel et al. [26] and Zhong and Zheng

[27] when the initial temperature inhomogeneities are introduced

(difference between 0-D and 1-D Laminar behavior). 

Figure 11 also shows the comparison between the behavior of

the heat release rate and pressure using different chemical mech-

anisms for both the laminar flow and the turbulent flow. The re-

sults suggest that the marginal turbulence level does not play a

role in the heat release rate nor in the pressure for the most re-

duced chemical mechanisms. The dominant cause of difference is

then the reaction chemistry. 

Even in the turbulent conditions, the mechanism from Zhong

and Zheng [27] is the one that reaches the highest and fastest

peak heat release rate. This is corroborated by the results shown

in Fig. 12 , where the ignition flame front appearance denoted by

the appearance of the curve for the density-weighted displacement

speed occurs earlier for the mechanism of Zhong and Zheng [27] in

comparison to the mechanisms of Seidel et al. [26] and Yoo et al.

[5] . The larger heat release rate produced by the reaction chem-

istry of Zhong and Zheng [27] also provokes a slightly larger drop

in the TKE consumption, as it is shown in Fig. 12 . Despite the ear-

lier second-stage ignition achieved by the mechanisms from Seidel

et al. [26] and Zhong and Zheng [27] , all of the mechanisms exhibit

a characteristic flame front deflagration regime during ignition. 

The uncertainty of the ODT model is further quantified for the

different chemical reaction mechanisms. Figure 13 shows the mean

of the ODT realizations for the initial condition that was closest-to-

DNS, < ODT FIC > , i.e. the mean behavior obtained in Fig. 7 . The fig-

ure also shows the mean ensemble behavior for randomized initial

inhomogeneous temperature fields, < ODT > , for the mechanisms

of Seidel et al. [26] and Yoo et al. [5] . The standard deviation is

shown as well in Fig. 13 , symbolizing the uncertainty of the ODT

model for the case of the realizations with fixed initial conditions.

Conversely, the standard deviation for the case of the mean en-

semble behavior, symbolizes the degree of dispersion between the

N = 60 ensemble members for randomized initializations, similar

to the idea shown in Fig. 2 , considering in this case the dispersion
etween ensemble members in Fig. 6 . Although the standard devi-

tions corresponding to heat release rates in Fig. 13 have not yet

onverged (more ensemble members would be needed), it is inter-

sting to note the pressure behavior of both mechanisms. For both

ases, the standard deviation due to randomized initializations re-

ains much larger than the deviation owed to model uncertainty. 

. Conclusions 

In this study we have shown how the ODT approach can be ap-

lied to simulate constant volume autoignition flows of premixed

-Heptane/air mixtures. In addition, different types of chemical

echanisms have been implemented and tested to study the ef-

ect of the turbulent and chemical interactions under the specified

nitial conditions. 

For all the chemical mechanisms investigated, constant volume

utoignition flow evolution depends strongly on the initial condi-

ions and in particular on the magnitude of the initial temperature

eld inhomogeneities. Larger temperature fluctuations in the ini-

ial temperature field accelerate the second-stage ignition of the

ystem, producing a more sustained deflagration regime. This con-

rms the results of the DNS [5] . 

Within the ODT model, an increased turbulence level given by a

igher value of the model parameter C , produces a faster homoge-

ization of the temperature field and shifts the system behavior to

hat of the 0-D homogeneous combustion. It was shown that the

nfluence of the turbulence level was more important than the re-

oval of length-scales smaller than the Kolmogorov scale for ODT

onstant volume autoignition systems (influence of C over Z on the

esults). 

Ensemble average behavior is normally associated in temporally

volving ODT lines as the equivalent to DNS behavior. Due to the

ow turbulence of the cases studied here, we showed the domi-

ance of the initial chemical conditions of the flow in compari-

on to the stochastic outcomes of the eddy sampling and selection.

lso, due to this reason, one ensemble member in this work could

e considered close to a DNS realization. We also showed that it

s possible to produce ensemble statistics for a wide range of ini-
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ial conditions, which was not done in the DNS due to the high

omputational cost associated to the simulations. 

As an example of the computational savings achieved with ODT,

he simulations presented in this work took no longer than 18 h

or a single ensemble, which with a cluster of 40 processors in

arallel allowed to compute the required number of 60 ensemble

embers in just 2 days. As it was discussed in the introductory

ection, the history of the study by Yoo et al. [5] comprised more

han 6 years of chemistry mechanism reduction techniques among

ther compromises like restriction to 2-D combustion to yield fea-

ible DNS. In this work, even though some degree of chemistry

eduction was required, a more complex reaction chemistry was

sed thanks to the computational savings of the ODT model. 
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ppendix A. Evolution of the Lagrangian ODT velocities 

An important point in the ODT constant volume autoignition

ormulation is the discussion regarding the role of the momen-

um evolution equation. ODT velocities do not advect fluid, and as

uch, they are in principle only considered as energy containers for

he balance influencing the eddy sampling and selection procedure

iscussed in Section 2.2 [18] . 

The hydrodynamic pressure gradient term, which appears in the

avier–Stokes momentum conservation equation in the Zero-Mach

imit approximation, is traditionally neglected in the ODT formu-

ations. The ∂ P 2 / ∂ x term that would appear in the 1-D momen-

um equation (hydrodynamic pressure gradient taken along the re-

olved ODT domain direction) can be split into mean and fluctu-

tion components. The mean component in this case, is respon-

ible for the net advection of the flow, which is zero in the case

f constant volume autoignition considered here. Conversely, the

uctuation component redistributes the available energy among

he velocity components u j and can be modeled within the quasi-

ncompressible eddy events. Formally, ∂ P 2 / ∂ x is therefore omit-

ed in the governing equations and the stress tensor is replaced

y the 1-D incompressible counterpart for consistency with quasi-

ncompressible turbulent advection treatment. Thus, Eq. (2) is ob-

ained. 

The splitting of the Lagrangian velocity vector in Eq. (13) is jus-

ified by the fact that the ODT velocity components are dynami-

ally passive with respect to evolution by diffusive (and by exten-

ion, reactive) driven advection [19] . In other words, the ODT ve-

ocity components are passive with respect to the heat and species

iffusion, as well as chemical reactions effects that conform with

he velocity divergence applicable for the Zero-Mach number limit

pproximation. Also, since the ODT velocity components satisfy a

ero-divergence velocity field, they are not responsible for changes

n the size of the control volumes (cells), in contrast to the non-

ero-divergence dilatational velocity field. Since ODT does not pro-

ide a mechanism for eddies to be influenced by dilatational flow,

n additional model is required influencing the eddy selection pro-

ess only, but which is already enforced in the overall diffusion–

eaction conservation of the system due to the formal splitting of

he velocity in Eq. (13) . This is the reason behind the usage of the
arrieus–Landau instability model for this study, as it was previ-

usly introduced by Jozefik et al. [14] . 

ppendix B. Convergence analysis of the time-stepping scheme 

In this section we perform a time convergence analysis in order

o determine the overall accuracy of the employed time-stepping

cheme. Since the system of equations governing the diffusion–

eaction advancement comprises non-conservative variables ( P, u D ,

 j , Y k , h ), conservation is expected to be limited to the truncation

rror of the governing equations, and therefore it is desirable to

valuate the equations with a high order precision scheme. 

Although the periodic boundary conditions applied in this work

hould preserve the theoretical order of accuracy of the Strang-

plitting procedure, the reader is referred to the work of [32] for

n interesting discussion regarding the issues of accuracy order re-

uction in diffusion–reaction splitting. Such issues were already

ommented in the first version of the work of Pember et al. [22] . 

Based on the idea of [21] and [22] , we tried to fully advance

qs. (3) and (4) with the Strang-Splitting method in this work. The

onvergence analysis done in this Appendix shows, however, that

he evaluation of the order of accuracy of the scheme is not so

traightforward as it is usually done in other studies. This is due to

he presence of the implicit reaction integration done via a Newton

ethod iteration of a Backward Differentiation Formula (BDF) with

VODE [23] . The use of the CVODE solver in this work follows the

ame principle as the use of implicit integration in the diffusion

art of the scheme, namely, the pursue of an unconditionally stable

umerical scheme that counteracts the stiff chemistry effects. For

n interesting discussion concerning error estimation in production

odes, such as the one used in this work, the reader is referred to

33] . 

Figure 14 shows the error between numerical solutions for the

pace-averaged enthalpy, space-averaged n-Heptane mass fraction 

nd pressure for the 56 species chemical mechanism in a lami-

ar problem with T ′ = 60 K. The numerical solutions correspond

o a time t = 6 . 4 × 10 −5 s . Order accuracy between two points in

ig. 14 can be estimated by Eq. (B.1) , where ˜ U is an approximate

olution and p ref ( 
t, 
t /2) is an approximate order of accuracy or

ate of convergence. 

og 2 

( ∥∥ ˜ U 
t − ˜ U 
t / 2 

∥∥∥∥ ˜ U 
t / 2 − ˜ U 
t / 4 

∥∥
) 

≈ p re f (
t, 
t / 2) . (B.1) 

CVODE is a variable order and variable step-size linear multi-

tep method that requires user-specified absolute and relative tol-

rances as an acceptance criteria for the predictor–corrector BDF

cheme [23] . It is not part of the scope of this work to evalu-

te the accuracy or convergence of such linear multistep solvers.

n this work, the absolute and relative tolerances for CVODE were

et to 1 . 0 × 10 −10 and 1 . 0 × 10 −4 , respectively. For the reaction part

f the splitting scheme, the error remains bounded even for non-

mooth solutions, and as such, it is in principle not entirely possi-

le to determine the order of accuracy of the scheme. CVODE can,

owever, determine the order of each one of the sub-steps taken

uring the integration. For very small time-steps, the differences

etween the predictor and corrector steps taken by CVODE might

e so small, that a simple first order integration could satisfy the

nput tolerances, and this is precisely what the solver automatically

oes. For these cases, the second order accuracy of the reaction

art of the scheme is not fulfilled. Using an explicit Euler method

or the enthalpy advancement in the reaction part of the scheme

s then, not an aggravating factor and does not worsen the overall

rder of accuracy. The formal requisite for an overall second order

trang-Splitting method is finally not met, due to the first order

ntegration during the reaction part of the scheme. This could be
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Fig. 14. Error plots and reference orders of accuracy based on average slope. 
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the reason behind the collapse of the overall order of the scheme

to first order. 

Although one could argue that the resulting first order accu-

racy of the scheme does not justify the Crank–Nicolson and Runge–

Kutta methods used for the diffusion advancement of the mass

fractions and enthalpy, these schemes were only motivated due to

stability reasons only, in order to be able to achieve larger time-

steps magnitudes during the diffusion–reaction advancement. 
As a closing comment the authors would like to stress that, re-

ardless of the order of accuracy of the diffusion–reaction integra-

ion, all ODT simulations to date are first order in time due to

he limitation of the stochastic transport part represented by the

nstantaneous eddy event implementation. Although a larger or-

er of accuracy could be desired, this would need an additional

plitting method for the turbulent transport in ODT. Such improve-

ents might be analyzed in the future. It is nonetheless important

o stress again, that ODT is a reduced order stochastic model which

oes not solve the generalized Navier–Stokes equations. 
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